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a b s t r a c t
A graph is called integral if all the eigenvalues of its adjacency matrix are integers.
In our recent work, we have studied integral complete r-partite graphs Kp1,p2,...,pr =
Ka1·p1,a2·p2,...,as·ps with s = 3, 4 (also see, L.G. Wang, X.D. Liu, Integral complete multipartite
graphs, DiscreteMath. 308 (2008) 3860–3870). In this paper, we continue thework on such
integral graphs, we investigate integral completemultipartite graphs Ka1·p1,a2·p2,...,as·ps with
s = 5, 6 for the first time by computer search. Thenwe construct infinitemany new classes
of such integral graphs by solving some certain Diophantine equations. These results are
different from those in the existing literature. For s = 5, 6, we give a positive answer to
a question of Wang et al. [L.G. Wang, X.L. Li, C. Hoede, Integral complete r-partite graphs,
Discrete Math. 283 (2004) 231–241]. The problem of the existence of integral complete
multipartite graphs Ka1·p1,a2·p2,...,as·ps with arbitrarily large number s remains open.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
We shall consider only simple undirected graphs (i.e. undirected graphs without loops or multiple edges). For a graph
G, let V (G) denote the vertex set and E(G) the edge set. The characteristic polynomial |xI − A| of the adjacency matrix A
(or A(G)) of G is called the characteristic polynomial of G and denoted by P(G, x). The spectrum of A(G) is also called the
spectrum of G.
The notion of integral graphs was first introduced by Harary and Schwenk in 1974 [6]. A graph G is called integral if
all the eigenvalues of the characteristic polynomial P(G, x) are integers. In general, the problem of characterizing integral
graphs seems to be difficult. Thus it makes sense to restrict our investigations to some interesting families of graphs, for
instance, cubic graphs [3,13], complete multipartite graphs [7,8,11,14,15], graphs with three eigenvalues [10], graphs with
maximum degree 4 [2], etc. Other results on integral graphs can be found in [1,4,5,9]. For all other facts on graph spectra (or
terminology), see [4,5].
A complete r-partite graph Kp1,p2,...,pr is a graph with a set V = V1 ∪ V2 ∪ · · · ∪ Vr of p1 + p2 + · · · + pr(= n) vertices,
where Vi’s are nonempty disjoint sets, |Vi| = pi for 1 ≤ i ≤ r , such that two vertices in V are adjacent if and only if
they belong to different Vi’s. Assume that the number of distinct integers of p1, p2, . . . , pr is s. Without loss of generality,
assume that the first s ones are the distinct integers such that p1 < p2 < · · · < ps. Suppose that ai is the multiplicity of
pi for each i = 1, 2, . . . , s. The complete r-partite graph Kp1,p2,...,pr = Kp1,...,p1,...,ps,...,ps is also denoted by Ka1·p1,a2·p2,...,as·ps ,
where r =∑si=1 ai and |V | = n =∑si=1 aipi. An infinite family of integral complete tripartite graphs was first constructed
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in [11]. The authors of [2] thought that the general problemon integral completemultipartite graphs seems to be intractable.
In [14], the authors give a sufficient and necessary condition for completemultipartite graphs Ka1·p1,a2·p2,...,as·ps to be integral.
But they have not found such integral graphs with s ≥ 4. In [15], we constructed integral complete r-partite graphs
Kp1,p2,...,pr = Ka1·p1,a2·p2,...,as·ps with s = 4. In [7], Híc and Pokorný constructed integral complete 4-partite graphs Kp1,p2,p3,p4 .
In [8], Híc, Pokorný and Cˇernek gave somenew sufficient conditions for the graphsKp1,p2,...,pr = Ka1·p1,a2·p2,a3·p3 to be integral.
In this paper,we investigate integral complete r-partite graphsKp1,p2,...,pr = Ka1·p1,a2·p2,...,as·ps with s = 5, 6.We can construct
infinite many new classes of such integral graphs by solving some certain Diophantine equations. These results are different
from those in the existing literature. We give a positive answer to Question 4.1 of [14] for s = 5, 6. The problem of the
existence of integral complete multipartite graphs Ka1·p1,a2·p2,...,as·ps with arbitrarily large number s remains open.
2. Preliminaries
We shall state some known results on integral complete multipartite graphs.
Theorem 1 ([14]). The complete r-partite graph Kp1,p2,...,pr = Ka1·p1,a2·p2,...,as·ps is integral if and only if all solutions of the
equation
a1p1
x+ p1 +
a2p2
x+ p2 + · · · +
asps
x+ ps = 1. (1)
are integers. Moreover, there exist integers u1, u2, . . . , us satisfying
− ps < us < −ps−1 < us−1 < · · · < −p2 < u2 < −p1 < u1 < +∞ (2)
such that the following linear equation system in a1, a2, . . . , as
a1p1
u1 + p1 +
a2p2
u1 + p2 + · · · +
asps
u1 + ps = 1
. . .
a1p1
us + p1 +
a2p2
us + p2 + · · · +
asps
us + ps = 1
(3)
has positive integral solutions (a1, a2, . . . , as).
Theorem 2 ([14]). The complete r-partite graph Kp1,p2,...,pr = Ka1·p1,a2·p2,...,as·ps on n vertices is integral if and only if there exist
integers ui and positive integers pi (i = 1, 2, . . . , s) such that −ps < us < −ps−1 < us−1 < · · · < −p2 < u2 < −p1 < u1 <
+∞ and
ak =
s∏
i=1
(pk + ui)
pk
s∏
i=1,i6=k
(pk − pi)
, (k = 1, 2, . . . , s) (4)
are positive integers.
Theorem 3 ([14]). For any positive integer q, the complete multipartite graph K a1·p1q,a2·p2q,...,as·psq is integral if and only if the
complete r-partite graph K p1,p2,...,pr = Ka1·p1,a2·p2,...,as·ps is integral.
Remark 4. Theorem 3 shows that it is reasonable to study Eq. (1) only when (p1, p2, . . . , ps) = 1. Let’s call such a vector
primitive. So, in general, the primitive vectors are the only ones which are of interest.
3. Integral complete multipartite graphs
In this section, we shall construct infinite many new classes of integral complete multipartite graphs Ka1·p1,a2·p2,...,as·ps
with s = 5, 6, different from those of [4,5,7,8,11,14,15].
The idea of constructing such integral graph is as follows: First, we properly choose positive integers p1, p2, . . . , ps.
Then, we try to find proper negative integers ui (i = 2, . . . , s) satisfying (2) such that there are positive integral solutions
(a1, a2, . . . , as) for the linear equation system (3) (or such that all ak’s of (4) are positive integers). Finally, we obtain positive
integers a1, a2, . . . , as such that all the solutions of Eq. (1) are integers. Thus, we have constructed many new classes of
integral graphs Ka1·p1,a2·p2,...,as·ps .
Theorem 5. For s = 5, integers pi(>0), ai(>0), ui (i = 1, 2, 3, 4, 5) are given in Table 1. pi, ai and ui (i = 1, 2, 3, 4, 5) are
those of Theorem 2. Then for any positive integer q the graph Ka1·p1q,a2·p2q,a3·p3qa4·p4q,a5·p5q is integral.
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Table 1
Integral graphs Ka1 ·p1q,a2 ·p2q,a3 ·p3q,a4 ·p4q,a5 ·p5q , where q is a positive integer.
p1 p2 p3 p4 p5 u1 u2 u3 u4 u5 a1 a2 a3 a4 a5
1 3 6 14 26 2274 −2 −4 −13 −21 504 90 133 10 22
1 4 17 22 44 3740 −2 −8 −19 −33 348 116 34 38 35
1 5 10 24 45 3035 −3 −6 −15 −40 455 28 58 54 13
1 5 10 24 45 3035 −3 −9 −20 −40 988 168 29 20 10
1 6 9 14 28 2898 −4 −7 −10 −21 669 22 17 56 42
1 6 16 26 44 3224 −2 −11 −20 −36 266 119 27 30 24
1 6 16 26 44 3224 −2 −11 −24 −36 322 153 54 10 20
1 6 18 26 41 4674 −2 −13 −21 −36 462 234 30 47 26
1 7 11 20 25 3685 −5 −10 −16 −21 1455 71 20 10 53
1 7 14 19 34 2261 −4 −12 −15 −28 609 60 5 28 19
1 7 14 19 34 2261 −4 −12 −17 −28 696 75 15 14 17
1 7 22 32 54 4928 −2 −10 −27 −50 273 86 75 54 13
1 8 10 23 41 3772 −5 −9 −19 −36 1372 63 61 28 16
1 8 19 31 36 3534 −7 −16 −22 −33 1616 25 7 18 29
1 8 19 34 44 4256 −4 −17 −22 −41 960 123 6 42 18
1 9 11 25 36 2439 −6 −10 −15 −33 732 17 14 38 13
1 9 14 24 36 2736 −4 −12 −21 −27 561 61 25 6 32
1 9 15 23 34 3519 −5 −12 −19 −29 960 56 31 27 29
1 9 17 31 45 4743 −3 −12 −25 −41 593 96 75 38 19
1 9 20 23 36 2070 −4 −12 −21 −29 327 25 12 19 24
1 9 20 23 36 2070 −8 −12 −21 −25 654 4 5 5 33
1 9 20 23 36 2070 −8 −12 −21 −29 763 5 9 15 21
1 9 20 23 36 2070 −8 −12 −21 −33 872 6 13 25 9
1 10 15 22 39 3905 −6 −13 −20 −36 1550 78 42 24 11
1 10 19 21 35 3059 −7 −15 −20 −25 1064 31 9 8 39
1 11 13 18 29 4147 −7 −12 −15 −21 1342 24 16 21 68
1 11 23 36 55 3289 −10 −22 −31 −45 1974 17 3 7 15
2 4 15 18 23 414 −3 −11 −16 −20 54 24 2 3 6
2 5 11 18 23 2530 −3 −9 −14 −20 211 130 22 21 37
2 6 9 22 36 4554 −3 −8 −12 −30 201 114 26 76 44
2 8 12 27 36 4248 −4 −9 −18 −32 280 40 71 46 36
2 9 20 35 45 4255 −5 −18 −30 −42 640 164 19 17 12
2 10 14 27 42 1078 −7 −12 −18 −30 126 6 4 4 15
2 10 16 28 35 440 −7 −14 −24 −30 85 7 3 1 4
3 6 13 24 40 4992 −4 −10 −15 −36 198 140 23 95 25
3 6 21 25 45 735 −5 −15 −24 −36 82 18 6 2 5
3 7 14 23 33 1449 −5 −11 −18 −28 110 33 12 12 14
3 8 10 21 45 3840 −7 −9 −15 −38 488 21 30 51 19
3 8 16 36 56 2064 −6 −14 −24 −48 189 37 8 15 10
4 7 18 27 39 2457 −6 −9 −25 −32 107 15 50 7 22
4 7 18 36 46 4140 −6 −10 −28 −39 185 32 60 13 36
4 7 18 36 46 4140 −6 −16 −28 −39 370 96 15 10 30
4 8 19 26 40 1976 −5 −16 −20 −30 52 62 2 10 25
4 11 22 40 50 4136 −10 −12 −25 −44 200 2 15 28 38
4 11 22 40 50 4136 −10 −14 −25 −44 250 6 12 26 36
4 11 22 40 50 4136 −10 −16 −25 −44 300 10 9 24 34
4 11 22 40 50 4136 −10 −18 −25 −44 350 14 6 22 32
4 11 22 40 50 4136 −10 −20 −25 −44 400 18 3 20 30
4 12 17 32 56 1088 −8 −14 −30 −52 90 15 21 3 2
4 13 24 30 48 1296 −12 −18 −26 −40 140 3 4 8 8
5 9 17 35 49 4879 −7 −14 −25 −45 222 94 35 42 18
5 10 13 20 27 3900 −6 −11 −15 −25 71 46 43 84 32
5 10 16 24 40 1040 −8 −12 −20 −25 36 5 6 1 18
5 13 22 26 50 1430 −8 −14 −25 −39 41 5 22 6 11
6 14 19 22 42 4466 −12 −18 −21 −38 430 48 14 17 14
6 15 27 44 60 3900 −12 −25 −33 −54 248 39 5 20 14
7 9 12 20 32 2268 −8 −10 −16 −27 54 21 38 28 22
7 9 12 20 32 2268 −8 −10 −17 −24 51 20 38 12 33
7 9 15 32 36 3096 −8 −12 −27 −35 107 65 61 18 8
7 13 24 33 55 4719 −11 −15 −28 −46 139 13 39 36 27
8 13 18 34 50 3502 −10 −15 −26 −48 81 38 44 38 6
8 14 21 36 60 3528 −12 −15 −34 −56 136 10 78 9 6
8 16 25 28 46 2576 −10 −18 −26 −40 36 18 17 31 16
9 16 26 40 54 4734 −12 −24 −30 −52 129 75 8 44 8
10 18 25 40 52 2600 −16 −20 −34 −45 87 6 20 8 16
10 20 26 35 55 1540 −13 −25 −30 −50 31 26 3 11 5
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Proof. From Theorem 2, we know that the complete multipartite graph K a1·p1,a2·p2,...,as·ps is integral if and only if there exist
integers ui and positive integers pi (i = 1, 2, . . . , s) such that (2) holds and all ak’s (k = 1, 2, . . . , s) of (4) are positive
integers.
Hence, when s = 5, it is sufficient to find only all positive integers pi, ai (i = 1, 2, 3, 4, 5), u1 and negative integers uj
(j = 2, 3, 4, 5) for the following equations
a1 = (p1 + u1)(p1 + u2)(p1 + u3)(p1 + u4)(p1 + u5)p1(p1 − p2)(p1 − p3)(p1 − p4)(p1 − p5) ,
a2 = (p2 + u1)(p2 + u2)(p2 + u3)(p2 + u4)(p2 + u5)p2(p2 − p1)(p2 − p3)(p2 − p4)(p2 − p5) ,
a3 = (p3 + u1)(p3 + u2)(p3 + u3)(p3 + u4)(p3 + u5)p3(p3 − p1)(p3 − p2)(p3 − p4)(p3 − p5) ,
a4 = (p4 + u1)(p4 + u2)(p4 + u3)(p4 + u4)(p4 + u5)p4(p4 − p1)(p4 − p2)(p4 − p3)(p4 − p5) ,
a5 = (p5 + u1)(p5 + u2)(p5 + u3)(p5 + u4)(p5 + u5)p5(p5 − p1)(p5 − p2)(p5 − p4)(p5 − p4) .
(5)
By using a computer search, we have found 128 integral solutions for Eq. (5), where 1 ≤ p1 ≤ 10, p1 + 2 ≤ p2 ≤ p1 + 10,
p2+ 2 ≤ p3 ≤ p2+ 15, p3+ 2 ≤ p4 ≤ p3+ 20, p4+ 2 ≤ p5 ≤ p4+ 25,−p2+ 1 ≤ u2 ≤ −p1− 1,−p3+ 1 ≤ u3 ≤ −p2− 1,
−p4 + 1 ≤ u4 ≤ −p3 − 1,−p5 + 1 ≤ u5 ≤ −p4 − 1, u1 < 10000. 66 of them are in Table 1, for u1 < 5000.
By Theorem 3 it follows that these graphs Ka1·p1q,a2·p2q,a3·p3q,a4·p4q,a5·p5q are integral for any positive integer q. 
Theorem 6. For s = 5, let pi(>0), ai(>0), ui (i = 1, 2, 3, 4, 5) be those of Theorem 2. Then for any positive integer q the graph
Ka1·p1q,a2·p2q,a3·p3q,a4·p4q,a5·p5q is integral if p1 = 1, p2 = 3, p3 = 6, p4 = 14, p5 = 26, u1 = 1973400t + 2274, u2 = −2,
u3 = −4, u4 = −13, u5 = −21, a1 = 437184t + 504, a2 = 78000t + 90, a3 = 115115t + 133, a4 = 8625t + 10,
a5 = 18876t + 22, where t is a nonnegative integer.
Proof. For s = 5, by Theorem 5, we find p1 = 1, p2 = 3, p3 = 6, p4 = 14, p5 = 26, u2 = −2, u3 = −4, u4 = −13,
u5 = −21. By Theorem 2, we get
a1 = (p1 + u1)(p1 + u2)(p1 + u3)(p1 + u4)(p1 + u5)p1(p1 − p2)(p1 − p3)(p1 − p4)(p1 − p5) =
72
325
(u1 + 1), (6)
a2 = (p2 + u1)(p2 + u2)(p2 + u3)(p2 + u4)(p2 + u5)p2(p2 − p1)(p2 − p3)(p2 − p4)(p2 − p5) =
10
253
(u1 + 3), (7)
a3 = (p3 + u1)(p3 + u2)(p3 + u3)(p3 + u4)(p3 + u5)p3(p3 − p1)(p3 − p2)(p3 − p4)(p3 − p5) =
7
120
(u1 + 6), (8)
a4 = (p4 + u1)(p4 + u2)(p4 + u3)(p4 + u4)(p4 + u5)p4(p4 − p1)(p4 − p2)(p4 − p3)(p4 − p5) =
5
1144
(u1 + 14), (9)
a5 = (p5 + u1)(p5 + u2)(p5 + u3)(p5 + u4)(p5 + u5)p5(p5 − p1)(p5 − p2)(p5 − p3)(p5 − p4) =
11
1150
(u1 + 26). (10)
So, Ka1·p1,a2·p2,a3·p3,a4·p4,a5·p5 is integral if and only if a1, a2, a3, a4, a5 are positive integers, and u1 must be a positive integer.
From (6), (7) and (8), (9), respectively, we get the Diophantine equations
9108a2 − 1625a1 = 720 (11)
and
1001a4 − 75a3 = 35. (12)
A result in elementary number theory (see [12]) yields that all positive integral solutions of Eqs. (11) and (12) are given
respectively by a1 = 9108t1 + 504, a2 = 1625t1 + 90, u1 = 82225t1/2 + 2274 and a3 = 1001t2 + 133, a4 = 75t2 + 10,
u1 = 17160t2 + 2274, where t1 and t2 are nonnegative integers. Hence u1 = 82225t1/2 + 2274 = 17160t2 + 2274 must
be a positive integer. It deduces that t1 = 48t and t2 = 115t , where t is a nonnegative integer. By the above discussion and
Eq. (10), we have
a1 = 437184t+504, a2 = 78000t+90, a3 = 115115t+133, a4 = 8625t+10, a5 = 18876t+22, u1 = 1973400t+2274.
Hence, when p1 = 1, p2 = 3, p3 = 6, p4 = 14, p5 = 26, a1 = 437184t + 504, a2 = 78000t + 90, a3 = 115115t + 133,
a4 = 8625t + 10, a5 = 18876t + 22, where t is a nonnegative integer, then the graph Ka1·p1,a2·p2,a3·p3,a4·p4,a5·p5 is integral.
From Theorem 3 it follows that the graph Ka1·p1q,a2·p2q,a3·p3q,a4·p4q,a5·p5q is integral for any positive integer q. 
Remark 7. Analogously to Theorem 6 it is possible to find conditions for parameters u1, ai(i = 1, 2, . . . , 5) which depend
on t for each graph in Table 1. By this procedure we get new classes of integral graphs.
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Table 2
Integral graphs Ka1 ·p1q,a2 ·p2q,a3 ·p3q,a4 ·p4q,a5 ·p5q,a6 ·p6q , where q is a positive integer.
p1 p2 p3 p4 p5 p6 u1 u2 u3 u4 u5 u6 a1 a2 a3 a4 a5 a6
1 5 10 25 47 66 39950 −3 −9 −11 −40 −55 5211 655 27 546 96 198
1 5 10 25 47 66 39950 −3 −9 −11 −40 −65 6176 786 33 728 216 18
1 5 12 19 29 36 41876 −2 −8 −15 −21 −33 3384 1158 360 154 459 338
1 5 14 27 52 70 55314 −2 −7 −18 −40 −65 2960 749 544 570 310 136
1 8 12 15 20 40 68760 −5 −10 −14 −16 −36 21150 921 521 131 1086 258
1 9 11 21 30 54 61479 −6 −10 −12 −27 −49 15444 244 104 1025 404 168
1 9 29 34 44 65 92191 −8 −23 −30 −39 −49 36917 461 53 182 117 589
1 14 18 27 51 77 81756 −12 −17 −21 −35 −66 29128 170 56 233 402 292
1 14 22 27 39 50 48411 −2 −15 −26 −28 −40 1350 149 333 15 74 688
1 14 27 49 79 112 92351 −7 −24 −40 −63 −105 22816 1421 228 200 288 98
1 16 29 34 49 57 52751 −7 −19 −33 −36 −56 9420 255 297 27 520 75
2 7 9 12 20 47 49068 −5 −8 −11 −17 −42 8412 755 656 409 472 143
2 7 14 38 50 60 70642 −5 −10 −20 −42 −56 5481 546 384 315 411 300
2 7 14 38 50 60 70642 −5 −10 −30 −42 −56 8526 966 1024 140 274 225
2 10 24 38 58 72 83752 −4 −16 −30 −42 −66 3384 1158 360 154 459 338
2 13 29 37 41 59 89503 −5 −21 −35 −39 −58 7548 2085 829 176 340 48
2 15 24 34 50 60 2550 −8 −18 −30 −40 −54 266 15 16 6 8 14
2 15 24 34 50 60 2550 −8 −20 −30 −42 −54 315 27 12 7 6 12
2 16 30 40 47 74 30550 −6 −20 −37 −44 −64 2077 255 278 69 82 100
3 6 15 24 28 34 19992 −4 −10 −18 −27 −33 860 606 198 278 90 48
3 7 18 35 60 66 87549 −4 −10 −30 −51 −63 2304 1656 1717 368 174 225
3 13 31 42 53 78 64077 −9 −28 −33 −52 −68 7476 935 37 335 33 161
3 15 21 27 42 52 28623 −7 −18 −24 −39 −45 1835 344 176 191 28 153
3 16 25 30 42 77 88800 −12 −21 −28 −40 −55 10350 480 285 225 67 434
4 13 16 40 60 70 72320 −10 −15 −28 −52 −64 5740 510 274 335 120 254
4 14 34 53 64 86 77486 −8 −32 −42 −54 −79 4275 1550 48 30 329 168
4 19 21 24 30 44 57456 −9 −20 −22 −28 −39 3276 396 196 479 268 300
5 8 10 13 27 42 90090 −6 −9 −12 −25 −38 3409 2371 1855 1195 279 297
5 14 23 39 55 77 64561 −11 −15 −35 −44 −65 2743 85 637 70 197 279
5 15 30 41 50 85 52275 −8 −20 −35 −45 −80 1307 498 317 203 299 65
6 11 13 18 30 48 7722 −8 −12 −15 −27 −46 276 96 66 129 44 11
6 12 30 48 56 68 39984 −8 −20 −36 −54 −66 860 606 198 278 90 48
6 16 27 39 51 72 39429 −9 −17 −36 −48 −60 717 98 548 105 47 171
6 21 38 54 70 84 12474 −14 −30 −42 −66 −76 525 75 21 58 12 36
7 16 25 29 42 70 15428 −10 −21 −28 −40 −55 392 220 101 38 16 70
7 20 27 48 59 75 49029 −15 −24 −35 −55 −72 2208 245 146 247 140 62
9 24 31 38 48 54 84816 −18 −27 −34 −42 −52 3225 303 234 242 392 246
9 24 31 38 48 54 84816 −18 −29 −36 −42 −52 3870 606 195 99 304 205
10 12 26 33 50 66 12870 −11 −18 −30 −40 −54 165 113 62 30 26 91
10 20 28 35 54 70 67130 −14 −21 −30 −40 −60 746 79 164 202 280 448
10 24 26 43 55 85 35905 −22 −25 −34 −52 −60 1306 30 42 81 14 198
Theorem 8. For s = 6, integers pi(>0), ai(>0), ui (i = 1, 2, . . . , 6) are given in Table 2. pi, ai and ui(i = 1, 2, . . . , 6) are those
of Theorem 2. Then for any positive integer q the graph Ka1·p1q,a2·p2q,a3·p3q,a4·p4q,a5·p5q,a6·p6q is integral.
Proof. From Theorem 2, we know that the complete multipartite graph K a1·p1,a2·p2,...,as·ps is integral if and only if there exist
integers ui and positive integers pi(i = 1, 2, . . . , s) such that (2) holds and all ak’s (k = 1, 2, . . . , s) of (4) are positive
integers.
Hence, when s = 6, it is sufficient to find only all positive integers pi, ai (i = 1, 2, 3, 4, 5, 6), u1 and negative integers uj
(j = 2, 3, 4, 5, 6) for the following equations
a1 = (p1 + u1)(p1 + u2)(p1 + u3)(p1 + u4)(p1 + u5)(p1 + u6)p1(p1 − p2)(p1 − p3)(p1 − p4)(p1 − p5)(p1 − p6) ,
a2 = (p2 + u1)(p2 + u2)(p2 + u3)(p2 + u4)(p2 + u5)(p2 + u6)p2(p2 − p1)(p2 − p3)(p2 − p4)(p2 − p5)(p2 − p6) ,
a3 = (p3 + u1)(p3 + u2)(p3 + u3)(p3 + u4)(p3 + u5)(p3 + u6)p3(p3 − p1)(p3 − p2)(p3 − p4)(p3 − p5)(p3 − p6) ,
a4 = (p4 + u1)(p4 + u2)(p4 + u3)(p4 + u4)(p4 + u5)(p4 + u6)p4(p4 − p1)(p4 − p2)(p4 − p3)(p4 − p5)(p4 − p6) ,
a5 = (p5 + u1)(p5 + u2)(p5 + u3)(p5 + u4)(p5 + u5)(p5 + u6)p5(p5 − p1)(p5 − p2)(p5 − p3)(p5 − p4)(p5 − p6) .
a6 = (p6 + u1)(p6 + u2)(p6 + u3)(p6 + u4)(p6 + u5)(p6 + u6)p6(p6 − p1)(p6 − p2)(p6 − p3)(p6 − p4)(p6 − p5) .
(13)
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By using a computer search, we have found 41 integral solutions for Eq. (13). These are in Table 2, where 1 ≤ p1 ≤ 10,
p1 + 2 ≤ p2 ≤ p1 + 15, p2 + 2 ≤ p3 ≤ p2 + 20, p3 + 2 ≤ p4 ≤ p3 + 25, p4 + 2 ≤ p5 ≤ p4 + 30, p5 + 2 ≤ p6 ≤ p5 + 40,
−p2 + 1 ≤ u2 ≤ −p1 − 1, −p3 + 1 ≤ u3 ≤ −p2 − 1, −p4 + 1 ≤ u4 ≤ −p3 − 1, −p5 + 1 ≤ u5 ≤ −p4 − 1,
−p6 + 1 ≤ u6 ≤ −p5 − 1, u1 < 100000.
From Theorem 3 it follows that these graphs Ka1·p1q,a2·p2q,a3·p3q,a4·p4q,a5·p5q,a6·p6q are integral for any positive integer q. 
From Theorems 2, 3 and 8, the following theorem can be obtained.
Theorem 9. For s = 6, let pi(>0), ai(>0), ui (i = 1, 2, 3, 4, 5, 6) be those of Theorem 2. Then for any positive integer
q the graph Ka1·p1q,a2·p2q,a3·p3q,a4·p4q,a5·p5q,a6·p6q is integral if p1 = 1, p2 = 5, p3 = 10, p4 = 25, p5 = 47, p6 = 66,
u1 = 20006499400t + 39950, u2 = −3, u3 = −9, u4 = −11, u5 = −40, u6 = −55, a1 = 2609543400t + 5211,
a2 = 327975400t + 655, a3 = 13517905t + 27, a4 = 273259504t + 546, a5 = 48019200t + 96, a6 = 98992575t + 198,
where t is a nonnegative integer.
Proof. For s = 6, by Theorem 8, we find p1 = 1, p2 = 5, p3 = 10, p4 = 25, p5 = 47, p6 = 66, u2 = −3, u3 = −9, u4 = −11,
u5 = −40, u6 = −55. By Theorem 2, we get
a1 = 323 (u1 + 1), (14)
a2 = 161 (u1 + 5), (15)
a3 = 11480 (u1 + 10). (16)
a4 = 141025 (u1 + 25), (17)
a5 = 9639997 (u1 + 47), (18)
a6 = 9920008 (u1 + 66). (19)
So, Ka1·p1,a2·p2,a3·p3,a4·p4,a5·p5,a6·p6 is integral if and only if a1, a2, a3, a4, a5, a6 are positive integers, and u1 must be a positive
integer.
From Eqs. (14), (15), Eqs. (16), (17), and Eqs. (18), (19), respectively, we get the Diophantine equations
183a2 − 23a1 = 12, (20)
205a4 − 4144a3 = 42, (21)
and
640256a6 − 1319901a5 = 60192. (22)
A result in elementary number theory (see [12]) yields that all positive integral solutions of Eqs. (20), (21) and (22) are given
respectively by a1 = 183t1 + 87, a2 = 23t1 + 11, u1 = 1403t1 + 666 = 1403(t ′1 + 28) + 666 = 1403t ′1 + 39950,
a3 = 205t2 + 27, a4 = 4144t2 + 546, u1 = 303400t2 + 39950, and a5 = 640256t3 + 96, a6 = 1319901t3 + 198,
u1 = 800259976t3/3 + 39950, where t1, t ′1, t2 and t3 are nonnegative integers. Hence u1 = 1403t ′1 + 39950 =
303400t2 + 39950 = 800259976t3/3 + 39950 must be a positive integer. It deduces that t1 = t ′1 + 28, t ′1 = 14259800t ,
t2 = 65941t , and t3 = 75t , where t is a nonnegative integer. So we have
a1 = 2609543400t + 5211, a2 = 327975400t + 655, a3 = 13517905t + 27, a4 = 273259504t + 546, a5 =
48019200t + 96, a6 = 98992575t + 198, u1 = 20006499400t + 39950, where t is a nonnegative integer.
Hence, when p1 = 1, p2 = 5, p3 = 10, p4 = 25, p5 = 47, p6 = 66, a1 = 2609543400t + 5211, a2 = 327975400t + 655,
a3 = 13517905t + 27, a4 = 273259504t + 546, a5 = 48019200t + 96, a6 = 98992575t + 198, where t is a
nonnegative integer, then the graph Ka1·p1,a2·p2,a3·p3,a4·p4,a5·p5,a6·p6 is integral. From Theorem 3 it follows that the graph
Ka1·p1q,a2·p2q,a3·p3q,a4·p4q,a5·p5q,a6·p6q is integral for any positive integer q. 
Remark 10. Analogously to Theorem 9 it is possible to find conditions for parameters u1, ai(i = 1, 2, . . . , 6)which depend
on t for each graph in Table 2. By this procedure we get new classes of integral graphs.
Remark 11. Suppose that p1 < p2 < · · · < ps, fromTheorems7 and15of [15],we obtain the smallest completemultipartite
integral graphs K6·1,1·5,1·9 of order 20 with s = 3 and K8·2,3·4,2·11,2·27 of order 104 with s = 4, respectively. From Theorems 5
and 8, we obtain the smallest complete multipartite integral graphs K54·2,24·4,2·15,3·18,6·23 of order 426 with s = 5 and
K315·2,27·15,12·14,7·34,6·50,12·60 of order 2581 with s = 6, respectively.
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